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I. INTRODUCTION
Over the past few years, a tremendous amount of progress has been made in the
understanding of strongly coupled supersymmetric gauge and string theories. These ad-
vances were driven in large part by the Seiberg-Witten solution of N = 2 supersymmetric
Yang-Mills theory for SU(2) gauge group [1].
Of central interest to many of these developments is the 4-dimensional supersymmetric
Yang-Mills theory with maximal supersymmetry, N = 4, and with arbitrary gauge algebra
G. In the present paper, we shall consider a generalization of this theory, in which a mass
term is added for part of the N = 4 gauge multiplet, softly breaking the N = 4 symmetry
to N = 2. As an N = 2 supersymmetric theory, the theory has a G-gauge multiplet, and
a hypermultiplet in the adjoint representation of G with mass m. This generalized theory
shares many of the properties of the N = 4 theory : it has the same field content; it is
ultra-violet finite; it has vanishing renormalization group β-function, and it is expected to
have Montonen-Olive duality symmetry. For vanishing hypermultiplet mass m = 0, the
N = 4 theory is recovered. For m → ∞, the limiting theory is one of many interesting
N = 2 supersymmetric Yang-Mills theories. The possibilities for, say, G = SU(N), include
theories with any number of hypermultiplets in the fundamental representation of SU(N),
or with product gauge algebras SU(N1) × SU(N2) × · · · × SU(Np), and hypermultiplets
in the fundamental and bi-fundamental representations of these product algebras.
Remarkably, the Seiberg-Witten theory for N = 2 supersymmetric Yang-Mills theory
for arbitrary gauge algebra G appears to be intimately related with the existence of certain
classical mechanics integrable systems. This relation was first suspected on the basis of
the similarity between the Seiberg-Witten curves and the spectral curves of certain inte-
grable models [2]. Then, general arguments showed that Seiberg-Witten Ansatz naturally
produces integrable structures [3]. For the N = 2 supersymmetric Yang-Mills theory with
massive hypermultiplet, the relevant integrable system appears to be the elliptic Calogero-
Moser system. For SU(N) gauge group, Donagi and Witten [3] proposed that the spectral
curves of the SU(N) Hitchin system should play the role of the Seiberg-Witten curves.
Krichever (in unpublished work), Gorsky and Nekrasov, and Martinec [4] recognized that
the SU(N) Hitchin system spectral curves are identical to those of the SU(N) elliptic
Calogero-Moser integrable system.
That the SU(N) elliptic Calogero-Moser curves (and associated Seiberg-Witten dif-
ferential) do indeed provide the Seiberg-Witten solution for the N = 2 theory with one
massive hypermultiplet was fully established by the authors in [5]. There, it was shown
that the effective prepotential F reproduces the logarithmic singularities predicted by per-
turbation theory; that F satisfies a renormalization group type equation which determines
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instanton contributions to any order; and that the prepotential in the limit of large hyper-
multiplet mass m reproduces the prepotentials for N = 2 super Yang-Mills theory with
any number of hypermultiplets in the fundamental representation of the gauge group.
The fundamental problem in Seiberg-Witten theory is to determine the Seiberg-Witten
curves and differentials, corresponding to an N = 2 supersymmetric gauge theory with
arbitrary gauge algebra G, and a massive hypermultiplet in an arbitrary representation R
of G, subject to the constraint of asymptotic freedom or conformal invariance. With the
correspondence between Seiberg-Witten curves and the spectral curves of classical mechan-
ics integrable systems [3], this problem is equivalent to determining a general integrable
system, associated with the Lie algebra G and the representation R.
The N = 2 theory for arbitrary gauge algebra G and with one massive hypermultiplet
in the adjoint representation was one such outstanding case when G 6= SU(N). Actually, as
discussed previously, upon taking suitable limits, this theory contains a very large number
of models with smaller hypermultiplet representations R, and in this sense has a univer-
sal aspect. It appeared difficult to generalize directly the Donagi-Witten construction of
Hitchin systems to arbitrary G, and it was thus natural to seek this generalization directly
amongst the elliptic Calogero-Moser integrable systems. It has been known now for a long
time, thanks to the work of Olshanetsky and Perelomov [6], that Calogero-Moser systems
can be defined for any simple Lie algebra. Olshanetsky and Perelomov also showed that the
Calogero-Moser systems for classical Lie algebras were integrable, although the existence
of a spectral curve (or Lax pair with spectral parameter) as well as the case of exceptional
Lie algebras remained open.
The purpose of this paper is to review the resolution of the above problems by the
following results which were obtained in [7], [8], [9].
• The elliptic Calogero-Moser systems defined by an arbitrary simple Lie algebra G
admit Lax pairs with spectral parameters.
• The correspondence between elliptic G Calogero-Moser systems and N = 2 super-
symmetric G gauge theories with matter in the adjoint representation holds directly when
the Lie algebra G is simply-laced. When G is not simply-laced, the correspondence is with
new integrable models, the twisted elliptic Calogero-Moser systems introduced in [7,8].
• Twisted elliptic Calogero-Moser systems admit a Lax pair with spectral parame-
ter [7].
• In the scaling limit m =Mq−
1
2 δ →∞, M fixed, the twisted (respectively untwisted)
elliptic G Calogero-Moser systems tend to the Toda system for (G(1))∨ (respectively G(1))
for δ = 1
h∨
G
(respectively δ = 1
hG
). Here hG and h
∨
G are the Coxeter and the dual Coxeter
numbers of G [8].
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The remainder of this paper is organized as follows. In §II, we review the set-up and
basic constructions of Seiberg-Witten theory. In §III, we discuss the elliptic Calogero-Moser
systems, and present the new twisted elliptic Calogero-Moser systems introduced in [7,8].
In §IV, we show how these systems tend to Toda systems in certain limits. In §V, we discuss
their integrability properties and present their Lax pairs with spectral parameter. Finally,
in §VI, we discuss the Seiberg-Witten solution for the N = 2 supersymmetric Yang-Mills
theories and a massive hypermultiplet in the adjoint representation of an arbitrary gauge
algebra G. A prior review of these results has appeared in [10], where further results on
spin Calogero-Moser systems are also presented.
II. SEIBERG-WITTEN THEORY
The starting point for Seiberg-Witten theory is an N = 2 supersymmetric Yang-Mills
theory with gauge algebra G and hypermultiplets in a representation R of G with masses
mj . The microscopic Lagrangian is completely fixed by N = 2 supersymmetry in terms of
the gauge coupling g and the instanton angle θ, and is given by
L =
1
4g2
F aµνF
µνa +
θ
32pi2
F aµν F˜
µνa +Dµφ¯D
µφ+ tr[φ¯, φ]2 + · · · (2.1)
where we have neglected hypermultiplet and fermion terms.
The low energy effective theory corresponding to this model can be analyzed by study-
ing first the structure of the vacuum. N = 2 supersymmetric vacuum states can occur
whenever the vacuum energy is exactly zero, which is achieved for constant scalar fields φ
for which the potential energy term vanishes. This requires [φ¯, φ] = 0, so that the vacuum
expectation value of φ is a linear combination of the Cartan generators hj of the gauge
algebra G,
< φ >=
n∑
j=1
ajhj n = rank G (2.2)
Here, the complex parameters aj are usually referred to as the quantum moduli, or also
as the quantum order parameters of the N = 2 vacua.
For generic values of the parameters aj , the G-gauge symmetry will be broken down
to U(1)n/Weyl(G), and the low energy theory is that of n different Coulomb fields, up to
global identifications by Weyl(G). The low energy effective Lagrangian is invariant under
N = 2 supersymmetry and thus given by
Leffective =
1
4
Im(τij)F
i
µνF
µνj +
1
4
Re(τij)F
i
µν F˜
µνj + ∂µφ¯
j∂µφDj + fermions (2.3)
Here, the dual gauge scalar φD and the gauge coupling function τij are both given in terms
of the prepotential F
φDj =
∂F(φ)
∂φj
τij =
∂2F(φ)
∂φi∂φj
(2.4)
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The form of the effective Lagrangian (2.3) is the same for any of the values of the complex
moduli of N = 2 vacua, with the understanding that the fields φj take on the expectation
value < φj >= aj . Since the prepotential F(φ) is a function of the fields φ only, but
not of derivatives of φ, the prepotential will be completely determined by its values on
the vacuum expectation values of the field, namely by its values on the quantum order
parameters aj.
The object of Seiberg-Witten theory is the determination of the prepotential F(aj),
from which the entire low energy effective action will be known. This is achieved by
exploiting the physical conditions satisfied by F [1],
(1) F(aj) is complex analytic in aj in view of N = 2 supersymmetry.
(2) The matrix Im τij = Im ∂i∂jF is positive definite, since by (2.3), it coincides with the
metric on the kinetic terms for the gauge fields Aj .
(3) The large aj behavior is known from perturbative quantum field theory calculations
and asymptotic freedom, and is given by F(a) ∼
∑
α(α · a)
2 ln(α · a)2 −
∑
w(w · a +
m)2 ln(w · a+m)2, where α and w are respectively the roots of G and the weights of
the representation R.
As a result of (1) and (2), F cannot be a single-valued function of the aj. For if it
were, Im τij would be both harmonic and bounded from below, implying that it must be
independent of aj. But from (3) we know that τij is neither constant nor single valued.
The multiple-value ambiguity does not affect the physics of the low energy effective action
since it may be related to electric-magnetic duality, as shown by Seiberg and Witten [1].
A natural setting in which the above monodromy problem may be solved is provided
by families of Riemann surfaces, called the Seiberg-Witten spectral curves, denoted by
Γ. Indeed, letting the quantum moduli aj correspond to moduli of the Riemann surfaces,
there is automatically a complex analytic period matrix, whose imaginary part is positive
definite, and whose monodromy group corresponds to the modular group of the surface.
The general set-up of the Seiberg-Witten solution, expected for arbitrary gauge algebra G
with rank n and general hypermultiplet representation is as follows.
(1) The Seiberg-Witten curve is a family of Riemann surfaces Γ(u1, · · · , un) dependent on
n auxiliary complex parameters uj , which are related to the quantum moduli aj . The
Seiberg-Witten curve will also depend upon the gauge coupling g and θ-angle and on
the hypermultiplet masses mk.
(2) The Seiberg-Witten differential 1-form dλ is meromorphic on Γ, with residues which
are linear in the hypermultiplet massesmk. Since the hypermultiplet masses receive no
quantum corrections as aj varies, the derivatives ∂(dλ)/∂aj are holomorphic 1-forms.
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(3) The quantum moduli and the prepotential are given by
aj =
1
2pii
∮
Aj
dλ aDj =
∂F
∂aj
=
1
2pii
∮
Bj
dλ (2.5)
for a suitable set of cycles Aj and Bj on Γ.
Shortly after the initial work of Seiberg and Witten, curves and differentials were
proposed for a general classical gauge group, with and without hypermultiplets in the
fundamental representation. Use was made of the R-charge assignments of the fields, the
singularity structure of the degenerations of the Seiberg-Witten curve and much educated
guess work (see e.g. [11] for reviews). The monodromies and instanton corrections in
the corresponding prepotential were determined in [31]. More recently, Seiberg-Witten
curves for many other theories have been found, based on integrable models [12-14], M-
Theory [15], and geometric engineering [16]. Monodromies and instanton corrections have
been determined in several important cases, including for the SU(N) gauge theory, with
hypermultiplet in the symmetric or anti-symmetric representation [17]. The prepotential
has also been analyzed using methods from Whitham theory [18, 30] and WDVV equations
[19].
III. TWISTED AND UNTWISTED CALOGERO-MOSER SYSTEMS
a) The SU(N) Elliptic Calogero-Moser System
The original elliptic Calogero-Moser system is the system defined by the Hamiltonian
H(x, p) =
1
2
N∑
i=1
p2i −
1
2
m2
∑
i6=j
℘(xi − xj) (3.1)
Here m is a mass parameter, and ℘(z) is the Weierstrass ℘-function, defined on a torus
C/(2ω1Z + 2ω2Z). As usual, we denote by τ = ω2/ω1 the moduli of the torus, and set
q = e2piiτ . The well-known trigonometric and rational limits with respective potentials
Htrig =
1
2
N∑
i=1
p2i −
1
2
m2
∑
i6=j
1
4 sh2 (
xi−xj
2 )
Hrat =
1
2
N∑
i=1
p2i −
1
2
m2
∑
i6=j
1
(xi − xj)2
arise in the limits ω1 = −ipi, ω2 →∞ and ω1, ω2 →∞. All these systems have been shown
to be completely integrable in the sense of Liouville, i.e. they all admit a complete set of
integrals of motion which are in involution [20-22]. For a recent review of some applications
of these models see [23].
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Our considerations require however a notion of integrability which is in some sense
more stringent, namely the existence of a Lax pair L(z), M(z) with spectral parameter z.
Such a Lax pair was obtained by Krichever [24] in 1980. He showed that the Hamiltonian
system (3.1) is equivalent to the Lax equation L˙(z) = [L(z),M(z)], with L(z) and M(z)
given by the following N ×N matrices
Lij(z) =piδij −m(1− δij)Φ(xi − xj , z)
Mij(z) =mδij
∑
k 6=i
℘(xi − xk)−m(1− δij)Φ
′(xi − xj , z). (3.2)
The function Φ(x, z) is defined by
Φ(x, z) =
σ(z − x)
σ(z)σ(x)
exζ(z), (3.3)
where σ(z), ζ(z) are the usual Weierstrass σ and ζ functions on the torusC/(2ω1Z+2ω2Z).
The function Φ(x, z) satisfies the key functional equation
Φ(x, z)Φ′(y, z)− Φ(y, z)Φ′(x, z) = (℘(x)− ℘(y))Φ(x+ y, z). (3.4)
It is well-known that functional equations of this form are required for the Hamilton
equations of motion to be equivalent to the Lax equation L˙(z) = [L(z),M(z)] with a Lax
pair of the form (3.2). It is a relatively recent result of Braden and Buchstaber [25] that,
conversely, general functional equations of the form (3.4) essentially determine Φ(x, z).
b) Calogero-Moser Systems defined by Lie Algebras
Olshanetsky and Perelomov [6] showed that the Hamiltonian system (3.1) is only
one of a series associated with each simple Lie algebra. Given any simple Lie algebra G,
Olshanetsky and Perelomov [6] introduced the system with Hamiltonian
H(x, p) =
1
2
r∑
i=1
p2i −
1
2
∑
α∈R(G)
m2|α|℘(α · x), (3.5)
where r is the rank of G, R(G) denotes the set of roots of G, and the m|α| are mass
parameters. To preserve the invariance of (3.5) under the Weyl group, the parameters
m|α| depend only on the orbit |α| of the root α, and not on the root α itself. In the case of
AN−1 = SU(N), it is common practice to use N pairs of dynamical variables (xi, pi), since
the roots of AN−1 lie conveniently on a hyperplane in C
N . The dynamics of the system
are unaffected if we shift all xi by a constant, and the number of degrees of freedom is
effectively N − 1 = r. Now the roots of SU(N) are given by α = ei − ej , 1 ≤ i, j ≤ N ,
i 6= j. Thus we recognize the original elliptic Calogero-Moser system as the special case of
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(3.5) corresponding to AN−1. Olshanetsky and Perelomov constructed a Lax pair for all
these systems with classical Lie algebras, without spectral parameter [6].
c) Twisted Calogero-Moser Systems defined by Lie Algebras
It turns out that the Hamiltonian systems (3.5) are not the only natural extensions
of the basic elliptic Calogero-Moser system. A subtlety arises for simple Lie algebras G
which are not simply-laced, i.e., algebras which admit roots of uneven length. This is the
case for the algebras Bn, Cn, G2, and F4 in Cartan’s classification. For these algebras, the
following twisted elliptic Calogero-Moser systems were introduced by the authors in [7,8]
Htwisted =
1
2
r∑
i=1
p2i −
1
2
∑
α∈R(G)
m2|α|℘ν(α)(α · x). (3.6)
Here the function ν(α) depends only on the length of the root α. If G is simply-laced, we
set ν(α) = 1 identically. Otherwise, for G non simply-laced, we set ν(α) = 1 when α is a
long root, ν(α) = 2 when α is a short root and G is one of the algebras Bn, Cn, or F4, and
ν(α) = 3 when α is a short root and G = G2. The twisted Weierstrass function ℘ν(z) is
defined by
℘ν(z) =
ν−1∑
σ=0
℘(z + 2ωa
σ
ν
), (3.7)
where ωa is any of the half-periods ω1, ω2, or ω1 + ω2. Thus the twisted and untwisted
Calogero-Moser systems coincide for G simply laced. The original motivation for twisted
Calogero-Moser systems was based on their scaling limits (which will be discussed in the
next section) [7,8]. Another motivation based on the symmetries of Dynkin diagrams was
proposed subsequently by Bordner, Sasaki, and Takasaki [26].
IV. SCALING LIMITS OF CALOGERO-MOSER SYSTEMS
a) Results of Inozemtsev for AN−1
For the standard elliptic Calogero-Moser systems corresponding to AN−1, Inozemtsev
[27] has shown in the 1980’s that in the scaling limit
m =Mq−
1
2N , q → 0
xi = Xi − 2ω2
i
N
, 1 ≤ i ≤ N
(4.1)
whereM is kept fixed, the ellipticAN−1 Calogero-Moser Hamiltonian tends to the following
Hamiltonian
HToda =
1
2
N∑
i=1
p2i −
1
2
(N−1∑
i=1
eXi+1−Xi + eX1−XN
)
(4.2)
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The roots ei − ei+1, 1 ≤ i ≤ N − 1, and eN − e1 can be recognized as the simple roots of
the affine algebra A
(1)
N−1. (For basic facts on affine algebras, we refer to [28]). Thus (4.2)
can be recognized as the Hamiltonian of the Toda system defined by A
(1)
N−1.
b) Scaling Limits based on the Coxeter Number
The key feature of the above scaling limit is the collapse of the sum over the entire
root lattice of AN−1 in the Calogero-Moser Hamiltonian to the sum over only simple roots
in the Toda Hamiltonian for the Kac-Moody algebra A
(1)
N−1. Our task is to extend this
mechanism to general Lie algebras. For this, we consider the following generalization of
the preceding scaling limit
m =Mq−
1
2 δ,
x = X − 2ω2δρ
∨,
(4.3)
Here x = (xi), X = (Xi) and ρ
∨ are r-dimensional vectors. The vector x is the dynamical
variable of the Calogero-Moser system. The parameters δ and ρ∨ depend on the algebra
G and are yet to be chosen. As for M and X , they have the same interpretation as
earlier, namely as respectively the mass parameter and the dynamical variables of the
limiting system. Setting ω1 = −ipi, the contribution of each root α to the Calogero-Moser
potential can be expressed as
m2℘(α · x) =
1
2
M2
∞∑
n=−∞
e2δω2
ch(α · x− 2nω2)− 1
(4.4)
It suffices to consider positive roots α. We shall also assume that 0 ≤ δ α · ρ∨ ≤ 1. The
contributions of the n = 0 and n = −1 summands in (4.4) are proportional to e2ω2(δ−δ α·ρ
∨)
and e2ω2(δ−1+δ α·ρ
∨) respectively. Thus the existence of a finite scaling limit requires that
δ ≤ δ α ·ρ∨ ≤ 1−δ. Let αi, 1 ≤ i ≤ r be a basis of simple roots for G. If we want all simple
roots αi to survive in the limit, we must require that αi ·ρ∨ = 1, 1 ≤ i ≤ r. This condition
characterizes the vector ρ∨ as the level vector. Next, the second condition in (3.7) can be
rewritten as δ{1 +maxα (α · ρ∨)} ≤ 1. But
hG = 1 +maxα (α · ρ
∨) (4.5)
is precisely the Coxeter number of G, and we must have δ ≤ 1hG . Thus when δ <
1
hG
, the
contributions of all the roots except for the simple roots of G tend to 0. On the other hand,
when δ = 1hG , the highest root α0 realizing the maximum over α in (4.5) survives. Since
−α0 is the additional simple root for the affine Lie algebra G(1), we arrive in this way at
the following theorem, which was proved in [8]
Theorem 1. Under the limit (4.4-4.5), with δ = 1hG , and ρ
∨ given by the level vector, the
Hamiltonian of the elliptic Calogero-Moser system for the simple Lie algebra G tends to
the Hamiltonian of the Toda system for the affine Lie algebra G(1).
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(c) Scaling Limit based on the Dual Coxeter Number
If the Seiberg-Witten spectral curve of the N = 2 supersymmetric gauge theory with
a hypermultiplet in the adjoint representation is to be realized as the spectral curve for a
Calogero-Moser system, the parameter m in the Calogero-Moser system should correspond
to the mass of the hypermultiplet. In the gauge theory, the dependence of the coupling
constant on the mass m is given by
τ =
i
2pi
h∨G ln
m2
M2
⇐⇒ m =Mq
− 1
2h∨
G (4.6)
where h∨G is the quadratic Casimir of the Lie algebra G. This shows that the correct
physical limit, expressing the decoupling of the hypermultiplet as it becomes infinitely
massive, is given by (4.3), but with δ = 1
h∨
G
. To establish a closer parallel with our preceding
discussion, we recall that the quadratic Casimir h∨G coincides with the dual Coxeter number
of G, defined by
h∨G = 1 +maxα (α
∨ · ρ), (4.7)
where α∨ = 2αα2 is the coroot associated to α, and ρ =
1
2
∑
α>0 α is the Weyl vector.
For simply-laced Lie algebras G (ADE algebras), we have hG = h∨G , and the preceding
scaling limits apply. However, for non simply-laced algebras (Bn, Cn, G2, F4), we have
hG > h
∨
G , and our earlier considerations show that the untwisted elliptic Calogero-Moser
Hamiltonians do not tend to a finite limit under (4.6), q → 0, M is kept fixed. This is
why the twisted Hamiltonian systems (3.6) have to be introduced. The twisting produces
precisely an improvement in the asymptotic behavior of the potential which allows a finite,
non-trivial limit. More precisely, we can write
m2℘ν(x) =
ν2
2
∞∑
n=−∞
m2
ch ν(x− 2nω2)− 1
. (4.8)
Setting x = X − 2ω2δ∨ρ, we obtain the following asymptotics
m2℘ν(x) = ν
2M2
{
e−2ω2(δ
∨α∨·ρ−δ∨)−α∨·X + e−2ω2(1−δ
∨α∨·ρ−δ∨)+α∨·X , if α is long;
e−2ω2(δ
∨α∨·ρ−δ∨)−α∨·X , if α is short.
This leads to the following theorem [8]
Theorem 2. Under the limit x = X+2ω2
1
h∨
G
ρ, m = Mq
− 1
2h∨
G , with ρ the Weyl vector and
q → 0, the Hamiltonian of the twisted elliptic Calogero-Moser system for the simple Lie
algebra G tends to the Hamiltonian of the Toda system for the affine Lie algebra (G(1))∨.
Similar arguments show that the Lax pairs constructed below also have finite, non-
trivial scaling limits whenever this is the case for the Hamiltonians.
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V. LAX PAIRS FOR CALOGERO-MOSER SYSTEMS
a) The General Ansatz
Let the rank of G be n, and d be its dimension. Let Λ be a representation of G of
dimension N , of weights λI , 1 ≤ I ≤ N . Let uI ∈ CN be the weights of the fundamental
representation of GL(N,C). Project orthogonally the uI ’s onto the λI ’s as
suI = λI + uI , λI ⊥ vJ . (5.1)
It is easily verified that s2 is the second Dynkin index. Then αIJ = λI − λJ is a weight
of Λ⊗ Λ∗ associated to the root uI − uJ of GL(N,C). The Lax pairs for both untwisted
and twisted Calogero-Moser systems will be of the form
L = P +X, M = D +X, (5.2)
where the matrices P,X,D, and Y are given by
X =
∑
I 6=J
CIJΦIJ (αIJ , z)EIJ , Y =
∑
I 6=j
CIJΦ
′
IJ (αIJ , z)EIJ (5.3a)
and by
P = p · h, D = d · (h⊕ h˜) + ∆. (5.3b)
Here h is in a Cartan subalgebra HG for G, h˜ is in the Cartan-Killing orthogonal comple-
ment of HG inside a Cartan subalgebra H for GL(N,C), and ∆ is in the centralizer of HG
in GL(N,C). The functions ΦIJ (x, z) and the coefficients CIJ are yet to be determined.
We begin by stating the necessary and sufficient conditions for the pair L(z), M(z) of
(5.2) to be a Lax pair for the (twisted or untwisted) Calogero-Moser systems. For this, it
is convenient to introduce the following notation
ΦIJ = ΦIJ (αIJ · x)
℘′IJ = ΦIJ (αIJ · x, z)Φ
′
JI(−αIJ · x, z)− ΦIJ (−αIJ · x, z)Φ
′
JI(αIJ · x, z). (5.4)
Then the Lax equation L˙(z) = [L(z),M(z)] implies the Calogero-Moser system if and
only if the following three identities are satisfied
∑
I 6=J
CIJCJI℘
′
IJαIJ = s
2
∑
α∈R(G)
m2|α|℘ν(α)(α · x) (5.5a)
∑
I 6=J
CIJCJI℘
′
IJ (vI − vJ ) = 0 (5.5b)
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∑
K 6=I,J
CIKCKJ(ΦIKΦ
′
KJ − Φ
′
IKΦKJ ) = sCIJΦIJd · (vI − vJ ) +
∑
K 6=I,J
∆IJCKJΦKJ
−
∑
K 6=I,J
CIKΦIK∆KJ (5.5c)
The following theorem was established in [7]:
Theorem 3. A representation Λ, functions ΦIJ , and coefficients CIJ with a spectral
parameter z satisfying (5.5a-c) can be found for all twisted and untwisted elliptic Calogero-
Moser systems associated with a simple Lie algebra G, except possibly in the case of twisted
G2. In the case of E8, we have to assume the existence of a ±1 cocycle.
b) Lax Pairs for Untwisted Calogero-Moser Systems
We now describe some important features of the Lax pairs we obtain in this manner.
All have an independent spectral parameter.
• In the case of the untwisted Calogero-Moser systems, we can choose ΦIJ (x, z) =
Φ(x, z), ℘IJ (x) = ℘(x) for all G. One also has ∆ = 0 for all G, except for E8.
• For An, the Lax pair (5.2-5.3) may correspond to any of the totally antisymmetric
representations, including the fundamental one.
• For the BCn system, the Lax pair is obtained by imbedding Bn in GL(N,C) with
N = 2n + 1. When z = ωa (half-period), the Lax pair obtained this way reduces to that
of Olshanetsky and Perelomov [6].
• For the Bn and Dn systems, additional Lax pairs are found by taking Λ to be the
spinor representation.
• For G2, a Lax pair is obtained in the representation 7 while another one is gotten
by restricting the 8 of B3 to the 7⊕ 1 of G2.
• For F4, a Lax pair can be obtained by taking Λ to be the 26 ⊕ 1 of F4, viewed as
the restriction of the 27 of E6 to its F4 subalgebra.
• For E6, Λ is the 27 representation.
• For E7, Λ is the 56 representation.
• For E8, a Lax pair with spectral parameter can be constructed with Λ given by the
248 representation, if coefficients cIJ = ±1 exist with the following cocycle conditions
c(λ, λ− δ)c(λ− δ, µ) =c(λ, µ+ δ)c(µ+ δ, µ)
when δ · λ = −δ · µ = 1, λ · µ = 0
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c(λ, µ)c(λ− δ, µ) =c(λ, λ− δ)
when δ · λ = λ · µ = 1, δ · µ = 0
c(λ, µ)c(λ, λ− µ) =− c(λ− µ,−µ)
when λ · µ = 1. (5.6a)
The matrix ∆ in the Lax pair is then the 8× 8 matrix given by
∆ab =
∑
δ·βa=1
δ·βb=1
m2
2
(
c(βa, δ)c(δ, βb) + c(βa, βa − δ)c(βa − δ, βb)
)
℘(δ · x)
−
∑
δ·βa=1
δ·βb=−1
m2
2
(
c(βa, δ)c(δ, βb) + c(βa, βa − δ)c(βa − δ, βb)
)
℘(δ · x)
∆aa =
∑
βa·δ=1
m2℘(δ · x) + 2m2℘(βa · x), (5.6b)
where βa, 1 ≤ a ≤ 8, is a maximal set of 8 mutually orthogonal roots.
• Explicit expressions for the constants CIJ and the functions d(x), and thus for the
Lax pair are particularly simple when the representation Λ consists of only a single Weyl
orbit of weights. This is the case when Λ is either
(1) the defining representation of An, Cn or Dn;
(2) any rank p totally anti-symmetric representation of An;
(3) an irreducible fundamental spinor representation of Bn or Dn;
(4) the 27 of E6;
(5) the 56 of E7.
Then the weights λ and µ of Λ provide unique labels instead of I and J , and the
values of CIJ = Cλµ are given by a simple formula
Cλµ =


√
α2
2 m|α| when α = λ− µ is a root
0 otherwise
(5.7)
The expression for the vector d may be summarized by
sd · uλ =
∑
λ·δ=1; δ2=2
m|δ|℘(δ · x) (5.8)
(For Cn, the last equation has an additional term, as given in [7].) In each case, the number
of independent couplings m|α| equals the number of different root lengths.
c) Lax Pairs for Twisted Calogero-Moser Systems
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Recall that the twisted and untwisted Calogero-Moser systems differ only for non-
simply laced Lie algebras, namely Bn, Cn, G2 and F4. These are the only algebras we
discuss in this paragraph. The construction (5.2-5.5) gives then Lax pairs for all of them,
with the possible exception of twisted G2. Unlike the case of untwisted Lie algebras
however, the functions ΦIJ have to be chosen with care, and differ for each algebra. More
specifically,
• For Bn, the Lax pair is of dimension N = 2n, admits two independent couplings m1
and m2, and
ΦIJ (x, z) =
{
Φ(x, z), if I − J 6= 0,±n
Φ2(
1
2
x, z), if I − J = ±n
. (5.9)
Here a new function Φ2(x, z) is defined by
Φ2(
1
2
x, z) =
Φ( 12x, z)Φ(
1
2x+ ω1, z)
Φ(ω1, z)
(5.10)
• For Cn, the Lax pair is of dimension N = 2n+ 2, admits one independent coupling
m2, and
ΦIJ (x, z) = Φ2(x+ ωIJ , z),
where ωIJ are given by
ωIJ =
{
0, if I 6= J = 1, 2, · · · , 2n+ 1;
ω2, if 1 ≤ I ≤ 2n, J = 2n+ 2;
−ω2, if 1 ≤ J ≤ 2n, I = 2n+ 2.
(5.11)
• For F4, the Lax pair is of dimension N = 24, admits two independent couplings m1
and m2,
Φλµ(x, z) =


Φ(x, z), if λ · µ = 0;
Φ1(x, z), if λ · µ =
1
2 ;
Φ2(
1
2x, z), if λ · µ = −1.
(5.12)
where the function Φ1(x, z) is defined by
Φ1(x, z) = Φ(x, z)− e
piiζ(z)+η1zΦ(x+ ω1, z) (5.13)
Here it is more convenient to label the entries of the Lax pair directly by the weights
λ = λI and µ = λJ instead of I and J .
• For G2, there are natural candidates for Lax pairs in the 6 and 8 representations
of G2, but it is still unknown whether elliptic functions ΦIJ (x, z) exist which satisfy the
required identities.
We note that recently Lax pairs of root type have been considered [21] which cor-
respond, in the above Ansatz (5.3-5), to Λ equal to the adjoint representation of G and
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the coefficients CIJ vanishing for I or J associated with zero weights. This choice yields
another Lax pair for the case of E8.
VI. CALOGERO-MOSER AND SEIBERG-WITTEN THEORY
The correspondence between Seiberg-Witten theory for N = 2 super-Yang-Mills the-
ory with one hypermultiplet in the adjoint representation of the gauge algebra, and the el-
liptic Calogero-Moser systems was first established in [5], for the gauge algebra G = SU(N).
We describe it here in some detail.
a) The Case of G = SU(N)
All that we shall need here of the elliptic Calogero-Moser system is its Lax operator
L(z), whose N ×N matrix elements are given by
Lij(z) = piδij −m(1− δij)Φ(xi − xj , z) (6.1)
Notice that the Hamiltonian is simply given in terms of L by H(x, p) = 12 trL(z)
2 +C℘(z)
with C = −1
2
m2N(N − 1). The correspondence between the data of the elliptic Calogero-
Moser system and those of the Seiberg-Witten theory is as follows.
(1) The parameter m in (6.1) is the hypermultiplet mass;
(2) The gauge coupling g and the θ-angle are related to the modulus of the torus Σ =
C/(2ω1Z+ 2ω2Z) by
τ =
ω2
ω1
=
θ
2pi
+
4pii
g2
; (6.2)
(3) The Seiberg-Witten curve Γ is the spectral curve of the elliptic Calogero-Moser model,
Γ = {(k, z) ∈ C× Σ, det
(
kI − L(z)
)
= 0} (6.3)
The Seiberg-Witten form is dλ = k dz. Γ is invariant under the Weyl group of SU(N).
(4) Using the Lax equation L˙ = [L,M ], it is clear that the spectral curve is independent
of time, and can be dependent only upon the constants of motion of the Calogero-
Moser system, of which there are only N . These integrals of motion may be viewed
as parametrized by the quantum moduli of the Seiberg-Witten system.
(5) Finally, dλ = kdz is meromorphic, with a simple pole on each of the N sheets above
the point z = 0 on the base torus. The residue at each of these poles is proportional
to m, as required by the general set-up of Seiberg-Witten theory, explained in §II.
b) Four Fundamental Results for the Case of G = SU(N)
While the above mappings of the Seiberg-Witten data onto the Calogero-Moser data is
certainly natural, there is no direct proof of it, and it is important to check that the results
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inferred from it agree with known facts from quantum field theory. To establish this, as
well as a series of further predictions from the correspondence, we give four theorems (the
proofs may be found in [5] for the first three theorems, and in [29] for the last one).
Theorem 4. The spectral curve equation det(kI − L(z)) = 0 is equivalent to
ϑ1
(
1
2ω1
(z −m
∂
∂k
)
∣∣τ)H(k) = 0 (6.4)
where H(k) is a monic polynomial in k of degree N , whose zeros (or equivalently whose
coefficients) correspond to the moduli of the gauge theory. If H(k) =
∏N
i=1(k − ki), then
lim
q→0
1
2pii
∮
Ai
kdz = ki −
1
2
m.
Here, ϑ1 is the Jacobi ϑ-function, which admits a simple series expansion in powers of the
instanton factor q = e2piiτ , so that the curve equation may also be rewritten as a series
expansion ∑
n∈Z
(−)nq
1
2n(n−1)enzH(k − n ·m) = 0 (6.5)
where we have set ω1 = −ipi without loss of generality.
Theorem 5. The prepotential of the Seiberg-Witten theory obeys a renormalization group-
type equation that simply relates F to the Calogero-Moser Hamiltonian, expressed in terms
of the quantum order parameters aj
aj =
1
2pii
∮
Aj
dλ
∂F
∂τ
∣∣∣∣
aj
= H(x, p) =
1
2
trL(z)2 + C℘(z) (6.6)
Furthermore, in an expansion in powers of the instanton factor q = e2piiτ , the quantum
order parameters aj may be computed by residue methods in terms of the zeros of H(k).
The proof of (6.6) requires Riemann surface deformation theory [5]. The fact that the
quantum order parameters may be evaluated by residue methods arises from the fact that
Aj-cycles may be chosen on the spectral curve Γ in such a way that they will shrink to
zero as q → 0. As a result, contour integrals around full-fledged branch cuts Aj reduce
to contour integrals around poles at single points, which may be calculated by residue
methods only. These methods were originally developed in [30,31]. Knowing the quantum
order parameters in terms of the zeros kj of H(k) = 0 is a relation which may be inverted
and used in (6.6) to obtain a differential relation for all order instanton corrections. It is
now only necessary to evaluate explicitly the τ -independent contribution to F , which in
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field theory arises from perturbation theory. This may be done easily by retaining only the
n = 0 and n = 1 terms in the expansion of the curve (6.5), so that z = lnH(k)−lnH(k−m).
The results of the calculations to two instanton order may be summarized in the following
theorem [5].
Theorem 6. The prepotential, to 2 instanton order is given by F = F (pert)+F (1)+F (2).
The perturbative contribution is given by
F (pert) =
τ
2
∑
i
a2i −
1
8pii
∑
i,j
[
(ai−aj)
2 ln(ai−aj)
2−(ai−aj−m)
2 ln(ai−aj−m)
2
]
(6.7a)
while all instanton corrections are expressed in terms of a single function
Si(a) =
∏N
j=1
[
(ai − aj)
2 −m2
]
∏
j 6=i(a− aj)
2
(6.7b)
as follows
F (1) =
q
2pii
∑
i
Si(ai)
F (2) =
q2
8pii
[∑
i
Si(ai)∂
2
i Si(ai) + 4
∑
i6=j
Si(ai)Sj(aj)
(ai − aj)2
−
Si(ai)Sj(aj)
(ai − aj −m)2
] (6.7c)
The perturbative corrections to the prepotential of (6.7a) indeed precisely agree with the
predictions of asymptotic freedom. The formulas (6.7c) for the instanton corrections F (1)
and F (2) are new, as they have not yet been computed by direct field theory methods.
Perturbative expansions of the prepotential in powers of m have also been obtained in [32].
Within the context of topological gauge theory, these results on the prepotential have been
used in [33].
The moduli ki, 1 ≤ i ≤ N , of the gauge theory are evidently integrals of motion of
the system. To identify these integrals of motion, denote by S any subset of {1, · · · , N},
and let S∗ = {1, · · · , N} \ S, ℘(S) = ℘(xi − xj) when S = {i, j}. Let also pS denote the
subset of momenta pi with i ∈ S, and σk(pS) the k-th symmetric polynomial in pi, i ∈ S.
We have [29]
Theorem 7. For any K, 0 ≤ K ≤ N , let σK(k1, · · · , kN) = σK(k) be the K-th symmetric
polynomial of (k1, · · · , kN ), defined by H(u) =
∑N
K=0(−)
KσK(k)u
N−K . Then
σK(k) = σK(p) +
[K/2]∑
l=1
m2l
∑
|Si∩Sj |=2δij
1≤i,j≤l
σK−2l(p(∪l
i=1
Si)∗)
l∏
i=1
[℘(Si) +
η1
ω1
] (6.8)
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We note that an alternative derivation of (6.4) was recently presented in [34]. The
parametrization (6.4) has also been extended to the spectral curves of spin Calogero-Moser
systems in [10]. For spin Calogero-Moser systems with l internal degrees of freedom, we
can write
det(λI − L(z)) =
l∑
p=1
∂p−1z
(θ1( 12ω1 (z −m ∂∂k )|τ)
θ1(
z
2ω1
|τ)
Hp(k)
)
|k=λ+m∂z logθ1( z2ω1
|τ)
, (6.9)
where Hp(k) is a polynomial of degree N − p + 1, 1 ≤ p ≤ l, H1(k) is monic, and Hp(k)
has no term of order k0.
c) The Case of General Gauge Algebra G
We consider now the N = 2 supersymmetric gauge theory for a general simple gauge
algebra G and a hypermultiplet of mass m in the adjoint representation. Then [9]
• the Seiberg-Witten curve of the theory is given by the spectral curve Γ = {(k, z) ∈
C×Σ; det(kI −L(z)) = 0} of the twisted elliptic Calogero-Moser system associated to the
Lie algebra G. The Seiberg-Witten differential dλ is given by dλ = kdz.
• The function R(k, z) = det(kI − L(z)) is polynomial in k and meromorphic in z.
The spectral curve Γ is invariant under the Weyl group of G. It depends on n complex
moduli, which can be thought of as independent integrals of motion of the Calogero-Moser
system.
• The differential dλ = kdz is meromorphic on Γ, with simple poles. The position
and residues of the poles are independent of the moduli. The residues are linear in the
hypermultiplet mass m. (Unlike the case of SU(N), their exact values are difficult to
determine for general G).
• In them→ 0 limit, the Calogero-Moser system reduces to a free system, the spectral
curve Γ is just the product of several unglued copies of the base torus Σ, indexed by the
constant eigenvalues of L(z) = p · h. Let ki, 1 ≤ i ≤ n, be n independent eigenvalues, and
Ai, Bi be the A and B cycles lifted to the corresponding sheets. For each i, we readily
obtain
ai =
1
2pii
∮
Ai
dλ =
ki
2pii
∮
A
dz =
2ω1
2pii
ki
aDi =
1
2pii
∮
Bi
dλ =
ki
2pii
∮
B
dz =
2ω1
2pii
τki
(6.9)
Thus the prepotential F is given by F = τ2
∑n
i=1 a
2
i . This is the classical prepotential
and hence the correct answer, since in the m → 0 limit, the theory acquires an N = 4
supersymmetry, and receives no quantum corrections.
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• The m→∞ limit is the crucial consistency check, which motivated the introduction
of the twisted Calogero-Moser systems in the first place [7,8]. In view of Theorem 2 and
subsequent comments, in the limit m→ ∞, q → 0, with x = X + 2ω2
1
h∨
G
ρ, m = Mq
− 1
2h∨
G
with X and M kept fixed, the Hamiltonian and spectral curve for the twisted elliptic
Calogero-Moser system with Lie algebra G reduce to the Hamiltonian and spectral curve
for the Toda system for the affine Lie algebra (G(1))∨. This is the correct answer. Indeed,
in this limit, the gauge theory with adjoint hypermultiplet reduces to the pure Yang-Mills
theory, and the Seiberg-Witten spectral curves for pure Yang-Mills with gauge algebra G
have been shown by Martinec and Warner [35] to be the spectral curves of the Toda system
for (G(1))∨.
• The equations R(k, z) = det(kI − L(z)) for the spectral curves of G = Dn can be
written explicitly in the trigonometric limit τ → i∞, in terms of a polynomial H(A) ≡∏n
j=1(A
2 − k2j ) similar to (6.4)
R(k, z) =
m2 +mA− 2kmZ
m2 + 2mA
H(A) +
mA+ 2kmZ
m2 + 2mA
H(A+m), (6.10)
where we have introduced the more convenient spectral parameter Z by 1Z =
1
2coth
z
2 , and
the variable A is defined by the quadratic relation
A2 +mA+ 2k
m
Z
− k2 = 0.
The effective prepotential can be evaluated explicitly in the case of G = Dn for n ≤ 5.
Its logarithmic singularity does reproduce the logarithmic singularities expected from field
theory considerations.
• As in the known correspondences between Seiberg-Witten theory and integrable
models [5,30], we expect the following equation to hold
∂F
∂τ
= HtwistedG (x, p), (6.11)
to hold. Note that the left hand side can be interpreted in the gauge theory as a renor-
malization group equation.
• For simply-laced G, the curves R(k, z) = 0 are modular invariant. Physically, the
gauge theories for these Lie algebras are self-dual. For non simply-laced G, the modular
group is broken to the congruence subgroup Γ0(2) for G = Bn, Cn, F4, and to Γ0(3) for
G2. The Hamiltonians of the twisted Calogero-Moser systems for non-simply laced G
are also transformed under Landen transformations into the Hamiltonians of the twisted
Calogero-Moser system for the dual algebra G∨. It would be interesting to determine
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whether such transformations exist for the spectral curves or the corresponding gauge
theories themselves.
Spectral curves for certain gauge theories with classical gauge algebras and matter in
the adjoint representation have also been proposed in [15] (see in particular the papers by
Witten, Uranga, and Yokono), based on branes in string theory and M-theory. Connections
between branes configurations associated withN = 2 gauge theories and integrable systems
have been put forward in [36].
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